Theoretical and numerical analysis of the relativistic effects on the Richtmyer-Meshkov (RM) instability reveals new and potentially very useful effects. We find that, in contrast with the nonrelativistic case, the growth rate of the RM instability depends strongly on the equation of state of the fluid, opening up the possibility to infer equations of state from experimental observations of the RM instability. As opposed to the non-relativistic case, we also discover that, above a critical value of the fluid velocity, the growth rate of the instability counter-intuitively decreases due to the Lorentz's factor, and vanishes in the ultrarelativistic limit, as the speed of the particles approaches the speed of light. Both effects might prove very useful for leading-edge applications, such as the study of the equation of state of quark-gluon matter, and the design of fast ignition inertial confinement fusion (ICF) schemes. We perform a linear stability analysis to characterize the instability, for an arbitrary equation of state, and implement numerical simulations to study the instability in the non-linear regime, using the equation of state of an ideal gas. Furthermore, based on the numerical results, we propose a general expression that characterizes the long term evolution of the instability. The Richtmyer-Meshkov instability is one of the fundamental fluid instabilities, which occurs when a shock wave passes through an interface, separating two fluids with different densities. This instability was theoretically predicted by Richtmyer [1] and experimentally detected by Meshkov [2] in the non-relativistic context. The study of the RM instability is of major importance in several fields, ranging from high energy physics [3] to astrophysics [4], especially wherever shock-wave propagation is involved. In a collapsing core supernova explosion, the generated shock wave propagates outwards through a hydrogen-helium interface. Observations have shown that the outer regions of the supernovae are more uniformly mixed than expected, as a consequence of the RM instability [4] . Therefore, the study of the relativistic effects, from the theoretical point of view, can contribute to a deeper understanding of this phenomenon. On a very different front, it has been recently discovered that quark-gluon plasma (QGP) behaves as a nearly perfect fluid [5] [6] [7] , where shock waves have been theoretically predicted [8] and experimentally observed [9, 10] . However, the equation of state of this extreme state of matter is still under debate [11] [12] [13] , and therefore, developing new strategies to determine its form represents a very important subject of research [14] . The existence of relativistic shock-waves can lead to the appearance of the RM instability. In this Letter, we show that the RM instability can also be used for this purpose, since, in contrast to the non-relativistic case, the growth rate of the instability depends explicitly on the equation of state. As a result, experimental information from the RM instability can be used to distinguish between different theoretical models [15, 16] . The RM instability also plays a significant role in inertial confinement fusion (ICF) [3] , which has recently captured significant attention as an alternative source of energy [17] . Like most instabilities, the RM and Rayleigh-Taylor instabilities represent one major cause of performance degradation in energy applications [18, 19] . Fast ignition ICF approach uses a relativistic beam of electrons to heat the compressed fuel, where relativistic fluid dynamic models can describe the plasma-electron interactions [20, 21] . Since there is not any theoretical description for the RM instability in the relativistic context, the design of better schemes becomes more difficult. Thus, the results in this letter can be used to enhance
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Let us start by considering the growth of irregularities -in particular sinusoidal corrugations -at the interface between two fluids in the relativistic RM instability, i.e., when a relativistic shock wave passes through the interface. In analogy to the non-relativistic case [1] , we first approach the problem by studying the Rayleigh-Taylor instability, which takes place at the interface between two fluids at different densities, whenever one of the two fluids accelerates into the other, and later we replace the constant acceleration by an impulsive one representing the shock wave.
The conservation equations of relativistic fluid dynamics are ∂ α T αβ = G β , and ∂ α N α = 0, where T αβ is the energy-momentum tensor, N α is the particle four-flow and G β is the force density. For an ideal (inviscid) fluid we have
, and N α = nU α , where p is the hydrostatic pressure, ǫ the energy density (including the rest mass energy), c is the speed of light and η αβ is the Minkowski metric tensor with the signature (+, −, −, −). The macroscopic four-velocity is (U µ ) = (c, u)γ(u), with u being the three-dimensional velocity and γ(u) = 1/ 1 − u 2 /c 2 the Lorentz's factor. The relativistic force density can be defined as G α ≡ ( F . uγ(u)/c, F γ(u)), where F is the three-dimensional force density vector [30] , and n is the number of particles density. Note that the Einstein summation convention is assumed here and throughout this paper. For the sake of simplicity, natural units i.e., c = k B = m = 1 are assumed hereafter. For the Rayleigh-Taylor instability, we consider F = (ǫ + p) g, where g is the acceleration.
To calculate the amplitude growth rate of the disturbance at the interface, we perform a linear stability analysis and without loss of generality, we deal with this problem in two dimensions. Thus, small perturbations are assumed for the velocity along x and y directions, i.e., δu and δv, and the physical variables, such as the density and pressure, i.e., δp and δn. For a single mode disturbance, we write A(x, y, t) = A k (x) exp(iky + ωt), where A stands for δu, δv, δp and δn, as well as the amplitude of the perturbation h. Here k = 2π/λ is the wave number, λ is the initial perturbation wavelength and ω is the wave frequency of the perturbations. We suppose that at t = 0 the interface is located at x = 0, and the only non-zero component of g is in x direction, i.e., g. To include the condition of incompressibility, and considering the fact that second order terms play no role in the linear stability analysis, the continuity equation simplifies to ∇ · u = 0. Assuming that pressure and density are functions of x only, we substitute the perturbed quantities in the conservation equations and the incompressibility condition. Dropping the nonlinear terms and considering initial equilibrium at the interface, i.e., ∂p/∂t = 0, we obtain a system of linear differential equations.
Solving these equations, and taking g/k ≪ 1, we find the following dispersion relation, ω 2 = (n 2 − n 1 )gk/(2p + ǫ 1 + ǫ 2 )γ, where ǫ 1 and ǫ 2 are the energy densities at both sides of the interface. In the non-relativistic limit γ ∼ 1, using the equation of state of an ideal gas [31] , i.e., ǫ + p = ( 1 Γ−1 + 1)p + n, and considering k B T ≪ mc 2 (so that pressure can be ignored with respect to the density), we get the well known dispersion relation of the non-relativistic Rayleigh-Taylor instability. Here Γ is the adiabatic index, i.e., specific heat at constant pressure divided by specific heat at constant volume (see Supplementary Material [32] ). Moreover, by using the equation of state of an ideal gas with Γ = 4/3 and removing the Lorentz's factor, we obtain the relation for the Rayleigh-Taylor instability for the ultra-relativistic case [33] . Hence, the amplitude of the perturbed interface grows according to
In order to find a relation for the relativistic RM instability, we replace the constant acceleration by an impulsive acceleration, representing the shock wave. Let △u be the increment of velocity due to this impulsive acceleration, we have g(t) = △uδ(t), where δ(t) is the Dirac delta function. Integrating Eq.(1) and using the fact that g(t)dt = △u, we obtain the asymptotic relation for the growth rate of the perturbation amplitude in the linear regime of the relativistic RM instability:
Here, h 0 is the initial amplitude of the perturbation.
Note that this is a general expression which holds for any equation of the state ǫ = ǫ(T ) and p = p(T ), where T is the fluid temperature. This shows that, unlike its non-relativistic counterpart, the growth rate of the amplitude for the relativistic RM instability depends on the equation of state.
In the RM instability, the light fluid penetrates the heavy one, generating bubbles and the heavy fluid penetrates the light one, giving rise to spikes. The perturbation amplitude, h(t), is calculated by measuring the distance between the tips of the spike and the bubble divided by two. Note that the linear assumption is well justified only as long as the interface amplitude is small, i.e., h/λ < 0.1 [34] and nonlinear effects become important when the amplitude becomes larger.
One can immediately notice from Eq.(2) that relativistic effects decrease the amplitude growth rate compared to the non-relativistic RM instability, due to the Lorentz's factor, γ > 1, as well as to the contribution of the pressure to the inertia of the relativistic fluid, which becomes relevant at high temperatures. This argument is in line with previous observations in [35] , which show a delay in the onset of pre-turbulence of relativistic electronic micro-jets in graphene.
Note that, in the presence of the shock wave, Eq.(2) permits to find the asymptotic linear growth rate of the amplitude, using the post-shock values of n 1 , n 2 and h 0 , △u and p being the velocity jump and pressure at the interface.
To find a general relation for the amplitude in the nonlinear regime, we perform numerical investigations of the relativistic RM instability, using the lattice Boltzmann model for high velocities recently proposed in [26] (for more details see Supplementary Material [32] ). Note that using the relativistic Boltzmann model leads to viscous hydrodynamics. However, it has been shown that viscosity has a negligible effect on the perturbation amplitude in the non-relativistic shock tube RM instability [36, 37] , so that we expect a similar behavior in relativistic hydrodynamics. For the two-dimensional simulation of the shock tube RM instability, a domain of 200 × 1200 lattice cells is considered. Since we use dimensionless numbers to characterize the RM instability, we refer to numerical units throughout this Letter. For all the simulations considered here, a shock wave with the velocity β = | u|/c = 0.94, traveling from right to left, is passing through a sinusoidal perturbation in the density located at x p = 1000 cells. The initial position of the shock wave is at x s = 1100 cells. The single mode sinusoidal perturbation at the interface is: x = x p + a sin( π 2 + 2π λ y), where a is the pre-shock amplitude of the interface and λ is the width of the domain. Note that, hereafter the subscripts R, M , and L refer to the right hand side of the shock, the region between the shock and the initial perturbation, and the left hand side of the perturbation, respectively. The densities at the two sides of the perturbation are dif- ferent, and the pressure is forced to be constant across the perturbation, i.e., p M = p R , by choosing appropriate values of the temperature. For simplicity, the simulations have been performed assuming the equation of state of an ideal gas for various pre-shock density ratios n L /n M and various values of the relativistic Mach number of the shock wave M a r = u s γ(u s )/c s γ(c s ), where the velocity of the shock u s and the sound velocity c s are defined as [31, 38] 
The values of initial densities and pressures are calculated in such a way as to obtain the desired values of n L /n M and M a r , while the velocity of the shock is fixed. For more details, see Supplementary Material [32] . Fig. 2(a) shows the density field and the evolution of the bubble and the spike for the case n L /n M = 28, M a r = 2.4 and a = 32 at different times, after the shock wave has passed through the initial perturbation. Finally, the spike forms the characteristic mushroom shape of the instability. It is worth mentioning that the passage of the shock wave through the heavy fluid causes an increase in its density, due to the compression, which is well visible in Fig. 2 .
For the purpose of comparison, we have also performed a numerical simulation for the non-relativistic RM at the same density ratio and Mach number as in Fig. 2(a) , i.e., n L /n M = 28 and M a = 2.4. The results are presented in Fig. 2(b) . Here, in order to draw an accurate comparison between the two cases, and regarding the fact that we are simulating viscous hydrodynamics, the Reynolds number should also be the same for both cases. Thus, following Ref. [39] , we define the relativistic Reynolds number for the shock tube relativistic RM instability as Re r = (ǫ+p)u s γ(u s )λ/η, where η is the shear viscosity. For the non-relativistic numerical simulations, we have used the model proposed in Ref. [40] . Fig. 2(b) shows that, in the non-relativistic RM, the amplitude of the perturbation grows much faster at early times, leading to a faster development and more complex structures of the instability at later times. In fact, this agrees with our analytical results, Eq. (2), where we argued that relativistic effects lead to a damping of the instability. This can be also seen in Fig. 1 , where the results of the simulation for the 3D shock tube RM instability with square cross section is presented, with n L /n M = 28 and the M a r = M a = 2.4. The 3D simulation was performed with the same parameters as before and using a lattice size of 200 × 200 × 1200 cells.
Since Eq.(2) predicts an asymptotic growth rate of the amplitude in the linear regime, we are now interested in a general relation for the growth rate of the amplitude of the instability in the nonlinear regime. For the shock tube RM instability and for fixed adiabatic index and wave number and in the absence of surface tension, the amplitude depends on density ratio and Mach number. (2) as a function of temperature for different equations of state proposed in Refs. [41] , [15] and [16] . In the inset, we see the effect of increasing β = △u/c on the perturbation growth rate in the linear regime (using the ideal gas equation of state: solid lines for Γ = 5/3 and dashed lines for Γ = 4/3), for different temperatures, comparing with the non-relativistic RM instability (dashed-dotted line).
Therefore, several simulations have been performed for different density ratios and relativistic Mach numbers, i.e., 8 ≤ n L /n M ≤ 28 and 2 ≤ M a r ≤ 3, when a = 16. Fig. 3 shows the numerical results of h(t) for different values of M a r and density ratios in the nonlinear regime. By increasing M a r , as well as the density ratio, the amplitude grows faster. Note that v f can be used as the initial growth rate of the nonlinear regime. In order to describe the effect of the nonlinearity on the growth rate, we propose the following relation (see Fig. 3 ),
where a 1 = 9.033 × 10 −5 is a constant value. Note that this constant is independent of the Mach number and the density ratio, and therefore we can assume that this is a universal constant characterizing the instability. In the inset of Fig. 3 , the results of h(t) for the linear regime are presented, where the slope of the solid lines represents the theoretical growth rate, Eq.(2). As expected, at early times, the compressibility effects decrease the growth rate, but at later times, when the compressibility effects are weaker, very good agreement is found between the theoretical, Eq. (2) and numerical growth rates.
In order to explore the consequences of the relativistic effects, we plot the asymptotic linear growth rate of the instability, Eq.(2) as a function of the temperature, for different equations of state (see Fig. 4 ). Here, we compare the equation of state for an ideal relativistic gas developed by Synge [41] , the non-ideal equation of state for QGP proposed by Romatschke [15] , and the equation of state for strongly interacting matter in relativistic heavy ion collision (with a phase transition) proposed by Huovinen [16] . We have defined the dimensionless parameter ξ = mc 2 /k B T and the following parameters are considered: h 0 = 20, k = 0.025, △u = 0.6, and the post-shock density ratio is 18. Fig. 4 shows that the perturbation growth rate strongly depends on the equation of state, and therefore, the RM instability can be used to check the validity of a proposed equation of state. In the inset of Fig. 4 , the linear growth rate of the amplitude versus the velocity, β = △u/c, for the ideal gas equation of state, is compared with the respective relation for the non-relativistic RM instability, at different temperatures. Note that for low velocities and low temperatures, both relations agree, but by further increasing β and/or the temperature, the perturbation amplitude decreases as compared to the non-relativistic case. Note that the value of β = 1/ √ 2 optimizes the growth of the perturbation in the relativistic RM instability and for the case of massless particles, β = 1, the growth rate of the instability vanishes. Additionally, each relativistic result in the inset of Fig. 4 is presented for two cases, Γ = 5/3 and Γ = 4/3, and, as expected, the results with Γ = 5/3 are closer to the non-relativistic ones.
Summarizing, we have shown that the RM instability can be exploited to distinguish between different equations of state, by measuring the growth rate of the instability. This result can be used as a method to determine the equation of state of QGP, which is still under debate. In addition, by increasing the jump velocity across the interface above a critical value, the growth of the instability decreases and eventually goes to zero for β = 1. This is an unexpected result because one would expect that for higher velocities the fluid should become more unstable. This effect can be exploited for improving the design of fast ICF schemes, where damping of the instability would prove beneficial to the overall efficiency of the process. We have also proposed a long-term relation for the evolution of the interface amplitude for different values of the density ratio and relativistic Mach number. To study analytically the relativistic effects, we have developed a linear impulsive model, based on the linear instability analysis, to predict the asymptotic amplitude growth rate of the interface in the linear regime. Developing new theoretical results for compressible cases and non-linear regimes, and investigating other types of equation of state, makes a very interesting subject for further research.
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